9bB.B?=E6KE83+K!$H%D%j!<K! | O(N) $O O(N log N) $h$jB.$$$+!) KRLn=_0lO: El5~Bg3XBg3X1!Am9gJ82=8&5f2J MWLs B??t $N <A E@ 4V $N =E NO Aj 8_ :n MQ $d 2Y EE N3 ;R $N 4V $N @E EE Aj 8_ :n MQ $r 9b B. $K 7W ;; $9 $k <j K! $H $7 $F 1980 G/ Be Cf :" $K Ds 0F $5 $l $? FMM (F ast Multip ole Metho d, 9bB.B?=E6KE83+K!!K$H!"$=$l$HHs>o$K4XO"$, ?< $/!" $d $O $j 1980 G/ Be $K Ds 0F $5 $l $F 9- $/ ;H $o $l $k $h $& $K $J$C $? %D %j!<K!$K$D$$$F!"$=$N86M}$H8&5f$NF08~$r35@b$9$k!# 9V1i35MW 1. 2r$/$Y$-LdBj 2. %D%j!<K! 3. 9bB.B?=E6KE83+K! 4. 7W;;$N8zN(2= ( JBNs2=Ey ) $K$D$$$F 5. $I$A$i$,B.$$$N$+!) 6. %"%s%@!<%=%s$NJ}K!$H Pseudoparticle metho d 7. B>$NLdBj$X$NE,MQEy$K$D$$$F

2r$/$Y$-LdBj Nc!’!J=ENO!K N BNLdBj d 2 x i dt 2 = G N X j =1 ;j 6 = i m j x j � x i j x j � x i j 3 ; ;~4V@QJ,$O$J$K$+E,Ev$JJ}K!!J leap frog $H$+!K$G$d$k lo cal timestep $H$+$$$C$?$3$H$b$H$j$"$($:$O9M$($J$$ $$$+$K$7 $FN3 ;R4V Aj 8_:n MQ$r 9bB. $K7W ;;$9 $k $+!) %J%$!<%V$JJ}K!!’7W;;NL$,N3;R?t$N 2 >h$KHfNc

7W;;Nc 6d 2O 7A @. 2a Dx $N %7 %_%e %l!< %7%g %s $N Nc!# 2h LL $N ?t ;z $O @V J} JP 0\ z $G $"$j!"2a 5n $KAL $k $[$I Bg $-$/ $J $k ( z = 0 $, 8= :_!" z = 1 $, 1’Ch $N ;O$^$j!K!#?’$OL)EY$r$"$i$o$9!J@V!’9bL)EY!"@D!’DcL)EY!K!# !J 8 K|N3;R!" GRAPE-4 + FHN);~4V9o$_$K$h$kD>@\7W;; )

8EE5E*$J9bB.2=K! � P article-mesh K!!’ 6u4V3J;R!JDL>oEy4V3V!K$r@Z$C$F!" FFT $r;H$C$F%]%"%=%sJ}Dx<0$r2r$/ { MxE@!’9bB.$G$"$k { 7gE@!’6u 4VJ,2rG=!" @:EY$K@) Ls$,$"$k !JB?=E3J;R $N$h$&$J J} K!$b$"$k$,!"!"!"!K � 5e 4X?t E8 3+ K!!’ !J07$& BP >]$,!" 5e 7A$K 6a $$ ;~!KL) EY J,I[ $r 5e4X ?tE83+$9$k!# { MxE@!’9bB.$G$"$k!#5eBP>N$K6a$1$l$P9b@:EY { 7gE@!’5eBP>N$+$i1s$/$J$k$H5^B.$K7W;;NL$,A}$($k

%D%j!<K!!" FMM $N4pK\E*H/A[ 1s$/$NN3;R$+$i$NNO$O<e$$ # $^$H$a$F7W;;$G$-$J$$$+!) T ree FMM � %D%j!<!’NO$r5Z$\$9$[$&$@$1$r$^$H$a$FI>2A � FMM !’NO$r<u$1$k$[$&$b$^$H$a$FI>2A

$I$&$d$C$F$^$H$a$k$+!) | %D%j!<K!$N>l9g � 3,AXE*$J%D%j!<9=B$$r;H$&!# � $^$:!"A4BN$,F~$k%;%k$r:n$k � $=$l$r:F5"E*$K 8 (2 <!85$J$i 4) J,3d$9$k � Cf$NN3;R$,#18D!J$"$k$$$O#08D!K$K$J$C$?$i;_$a$k !JB?=E6KE83+$N<!?t$K$h$C$F$I$3$G;_$a$k$Y$-$+$OJQ$o$C$F$/$k!K

%D%j!<K!$G$NNO$N7W;; 3F%;%k$NB?=E6KE83+$r$"$i$+$8$a:F5"E*$K9=@.$7$F$*$/!#$D$^$j!" � :G2< AX$N%; %k : $= $N$J$+ $NN3;R J,I[$, :n$k%] %F%s%7%c %k$rB? =E6K E83+ � $=$l0J30!’;R%;%k$NB?=E6KE83+$NE83+Cf?4$r%7%U%H$7$F2C;; � ==J,$KN%$l$F$$$k!’=E?4!J$"$k$$$OB?=E6KE83+!K$+$i$NNO � $=$&$G$J$$!’;R%N!<%I$+$i$NNO$N9g7W 7OA4BN$+$i$NNO = %k!<%H%N!<%I$+$i$NNO $"$H$O:F5"E*$K7W;;$5$l$k!#

%D%j!<K!$N7W;;NL$H7W;;@:EY 4JC1$J%*!<%@!<8+@Q$j : 8m:9 / � ( p +1) 7W;;NL / � � 3 p 2 N log N p : B?=E6KE83+$N<!?t log N : %D%j!<$N3,AX?t � 3 $"$k3,AX$G!"Aj8_:nMQ$r7W;;$9$k%;%k$N?t <B:]$N?6Iq$$!’J#;(!# � @:EY$O>e$N8+@Q$j$h$j$h$$!J � $N$Y$-$,Bg$-$$!K � 7W;;NL$O$=$l$[$IA}$($J$$ $3$H$,B?$$!#!JN3;R$NJ,I[$K$h$k!K

7W;;@:EY$NNc $3 $l $O 8e =R $N 5? ;w N3 ;R B? =E 6K K! $K $h $k $b $N!# DL >o $N %D %j!< K! $G $O 4 =E6K$^$G$G$9$^$9$3$H$,B?$$!# p=4 $N?6Iq$$$O$A$g$C$HJQ!#

9bB.B?=E6KE83+K! T ree FMM � %D%j!<!’NO$r5Z$\$9$[$&$@$1$r$^$H$a$FI>2A � FMM !’NO$r<u$1$k$[$&$b$^$H$a$FI>2A %D%j!<$KHf$Y$?%a%j%C%H!’ 7W;;NL$, O ( N ) $K$J$k!*

FMM $N7W;;<j=g � 3F %; %k $, 30 $K :n $k %] %F %s %7%c %k $N 5e LL D4 OB 4X ?t E8 3+ !JB? =E 6K E8 3+!K $r!" <+ J, $N 2< $N %; %k $N B? =E 6K E8 3+ $N E8 3+ Cf ?4 $r %7 %U %H $7 $F 5a $a $k!#!J up w ard path !K � 3F%;%k$,!" { <+J,$HF1$8%l%Y%k$G { ?F$NNY@\%;%k$N;R$G { <+J,$NNY@\%;%k$G$J$$ %; %k $K $h $k %] %F %s %7%c %k $N OB $r <+ J, $N Cf ?4 $G $N D4 OB 4X ?t E8 3+ $K $7 $F $* $/ !J6I =j E8 3+!K � 0l HV >e $N %l %Y %k $+ $i =g $K!" <+ J, $N <u $1 $F $$ $k %] %F %s %7%c %k $r ;R %; %k $K EA $( $k !J6I =j E8 3+ $N Cf ?4 $r %7 %U %H $9 $k , do wn w ard path !K!K � :G =* E* $K $O 3F N3 ;R $, <+ J, $N F~$C $F $$ $k %; %k $N Cf ?4 $G $N 6I=jE83+$rI>2A$9$k!#

M2L %9%F!<%8$N7W;;HO0O � F1 $8 %l %Y %k $N %; %k $H $7 $+ Aj 8_ :n MQ $7 $J $$ $N $G!" 7W ;; $9 $k Aj 8_ :n MQ$N?t$O%;%k?t$KHfNc � %;%k?t$ON3;R?t$KHfNc ! 7W;;NL$O O ( N ) B>$N%9%F!<%8$b O ( N ) !"78?t$O>.$5$$!#

N3;R4VAj8_:nMQ$N7W;;$5$l$+$? � 6a$/$NN3;R$OD>@\7W;; � 1s$/$K$$$/$[$I!">e$N%;%k$rDL$C$FAj8_:nMQ$,7W;;$5$l$k!# %D%j!<$H$N0c$$ %D%j!<$G$OBg$-$J%;%k$+$i$NNO$rN3;R$N0LCV$GD>@\I>2A # O ( N ) $H O ( N log N ) $N0c$$

FMM $K$*$1$k7W;;@:EY$H7W;;NL � E83+<!?t$rJQ$($k � M2L %9 %F!< %8 $r!" 1 $D N% $l $? $H $3 $m $H $G $O $J $/!" $= $l 0J >e N% $l$?$H$3$m$H$G9T$J$&!J%D%j!<$G � $r>.$5$/$9$k$3$H$KBP1~!K 4JC1$J%*!<%@!<8+@Q$j : 8m:9 / � ( p +1) 7W;;NL / � � 3 p 4 N 7W;; NL $O 8: $i $; $k!’ %D %j!< $N :G 2< AX %; %k $K $O $$$C $F $$ $k N3 ;R $N ?t $r n $H$9$l$P!"7W;;NL$N%*!<%@!<$O N p 4 =n + N n $J$N$G!" n / p 2 $H$7$F$*$1$P 7W;;NL / � � 3 p 2 N $H$J$C$F!" log N $,$J$$$V$sA26aE*$K$O%D%j!<K!$h$j$h$$!#

Nr;K!J<g$KE7BNJ*M}4XO"!K 1981 App el $K$h$k%D%j!<K!O@J8!J%W%j%s%9%H%sBg3XB46HO@J8!K 1985 App el $K$h$k%D%j!<K!O@J8=PHG 1984-85 Jernigan & P orter 8& 5f 2q Ey $G %D %j!< K! H/ I= !JO@ J8 $O 1989 !K 1986 Barnes & Hut H,J,LZ$r;H$C$?%D%j!<K!!" Nature O@J8 1986-87 Rokhlin & Greengard FMM $N 2, 3 <!85$G$NDj<02= 1987 Barnes, Hernquist, Makino Ey $K $h $k %D %j!< K! $N %Y %/ %H %k2=!" Connection Mac hine $X$N<BAu 1987 Zhao $K$h$k%+!<%F%7%"%s FMM $N Connection Mac hine $X$N<BAu ( !V:G=i$N!W 3 <!85 FMM) 1987- %+%k%F%/JBNs7W;;%0%k!<%W$K$h$k%D%j!<K!$NJBNs2= ( %D%j!<K!@.=O4| ) 1992 %"%s%@!<%=%sK!$NDs0F 1994 M2L $X$N FFT $NMxMQ$NDs0F 1996 M2L $X$N:BI82sE>$NMxMQ$NDs0F 1997 M2L $X$NJ?LLGHE83+$NMxMQ$NDs0F FMM $O $^ $@H/ E8ES >e !J$@$+ $i;H $($J $$ $H$$ $&$o $1 $G$O $J$$ $3 $H$K Cm0U!K

7W;;$N8zN(2=!&9bB.2= 2 J}8~$N%"%W%m!<%A � <BAu>e$N8zN(2= { %Y%/%H%k2=!"JBNs2= � %"%k%4%j%:%‘$N2~NI$K$h$k7W;;NL$N8:>/ { FFT, 2sE>Ey

%Y%/%H%k2=!"JBNs2= %Y%/%H%k2=!"JBNs2=$N5;K!$O%D%j!<K!$b FMM $bF1$8!# � 6&M-%a%b%j$N5!3#$G$OMF0W!J%"%k%4%j%:%‘$NJBNsEY$O<B:]>e N !K � %a%C%;!<%8%Q%C%7%s%0$N5!3#!’8zN($NNI$$6u4VJ,3d$,I,MW!# Salmon & W arren ( 85%+%k%F%/ ) $,MM!9$JJ}K!$r%F%9%H$7$?!# { Orthogonal Recursiv e Bisection { Hashed Oct-tree (Morton ordering) { Hashed Oct-tree (P eano ordering) %W%m%0%i%‘$OLLE]$@$,!":n$C$F$7$^$($P8zN($O$h$$!#LdBj$K$h$C $F$O ASCI RED $N$h$&$J$+$J$j;H$$$K$/$$5!3#$G$b$=$3$=$3 $N@-G=$,=P$k!# � J,;66&M-%a%b%j$N5!3# : Hashed Oct-tree $N=g=xIU$1$GN3;R$r$J$i$Y$+$($k # %W%m%0%i%‘$H$7$F$O6&M-%a%b%jMQ$N$^$^$G8zN(NI$/<B9T$G$-$k !J Stanford D ASH $G$N7k2L!K � N3 ;R J, I[ $, 0l MM $K 6a $1 $l $P!" 6u 4V J, 3d $b C1 $K 5, B’ 3J ;R $G @Z $k $@ $1$G$h$/$F4JC1!#0lMM$+$i1s$/$J$k$HLLE]!#

7W;;NL$NDc8: %D%j!<K!$ODL>o 4 =E6K$^$G ! %"%k%4%j%:%‘$r$$$8$kM>CO>/$J$$!# E7J8$G$O$b$C$H9b@:EY$,I,MW$J>l9g$K$O0MA3D>@\7W;;$,<gN.!# FMM : B??t Ds0F$,$"$k!# $[$H $s $I $N$b $N $,!" $J $s $i $+ $N J}K! $G M2L $N 7W ;; NL $N %*!< %@!< $r 2<$2$h$&$H$$$&$b$N!J$3$3$H6a$/$ND>@\7W;;$N7W;;NL$,<gMW!K !& FFT $rMxMQ$9$k$b$N 5eLL D4 OB 4X ?t $N %7 %U %H $O!" 4p K\ E* $K $O B? 9‘ <0 $N 86 E@ 0\ F0 $G $" $j!" 78 ?t$N%3%s%\%j%e!<%7%g%s$GI=8=$G$-$k ! FFT $r;H$C$F!" O ( p 2 log p ) $G<B9T2DG= 8=<B$K$O!" p = 8 $G M2L $NB.EY $, 2 G\ DxEY!"%"%k %4%j%:%‘ A4BN$G $O 40% DxEY$N9bB.2= !& 2sE>$rMxMQ$9$k$b$N %7%U%H$9$k$^$($K!":BI8<4!J z <4!K$r0\F0J}8~$K8~$1$F$*$/ ! M2L $N7W;;NL$,!" p 4 $+$i p 3 $K8:>/!J3QEYJ}8~$,J,N%!K 8=<B$N8z2L$O$^$@L$CN?t $=$NB>$K$b$$$/$D$+Ds0F$O$"$k!# !JM}O@2H$N%*%b%A%c!)!K

%D%j!<$H FMM $NM%Nt!’<BB, D>@\$KHf3S$7$?Nc$OHs>o$K>/$J$$!#M}M3$ONI$/$o$+$i$J$$!# 2<$NI=$O Blac kston and Suel $N7k2L!#7W;;@:EY$O$+$J$jDc$$!J%] %F%s%7%c%k$NAjBP@:EY$, 10 � 3 DxEY!K$N>l9g!#7W;;5!$O 16 %W%m%;%C %5$N Cra y T3E N3;R?t 16K 64K 256K 1024K FMM 1.9 7.5 28.5 103.5 Anderson 1.3 5.0 17.9 67.8 BH tree 0.57 2.7 12.4 54.0 DjNLE*$K0UL#$,$"$kHf3S$H$O$$$$Fq$$ %W%m%0%i%‘$,$I$NDxEY%A%e!<%K%s%0$5$l$F$$$k$+$,NI$/$o$+$i$J$$!# L@$i$+$J$3$H!’ 10 6 BN0L$K$J$C$F$b!" O ( N ) $@$+$i O ( N log N ) $h $j$bB.$$$H$$$&$o$1$G$b$J$$!#

FMM $,$=$l$[$INI$/$J$$$N$O2?8N$+!) � 8m:9$NF~$jJ}$,0c$& { %D %j!< : B? =E 6K E8 3+ $r I> 2A $9 $k ;~ $N 8m :9!’ B? ?t $N %; %k $+ $i $N4sM?$,$"$kDxEYBG$A>C$79g$& { FMM : 6I =j E8 3+ $N 8m :9!’ 1 $D $7 $+ 9‘ $, $J $$ $N $G!" $^ $k $^ $k;D$k � 7W;;NL$NA0$N78?t$,0c$& { FMM $G$O 1 $D$N%;%k$,:GDc 189 8D$N%;%k$HAj8_:nMQ { %D%j!<$G$O 30 � � 3 DxEY { %D%j!<$G$O O ( p 2 ) , FMM $G$O O ( p 4 ) 1~MQ$K$h$C$F$O FMM $O$b$C$HNI$$ Nc!’ � 2 <!85$N>l9g!’7W;;NL O ( N p ) , %;%k 27 8D � 6- 3& MW AG K! $X $N 1~ MQ $N $h $& $K!" Ld Bj $O 3 <! 85 $G $b MW AG $, J, I[ $7 $F$$$kNN0h$O 2 <!85$N>l9g!’6u$G$J$$%;%k?t$O8:$k

%"%s%@!<%=%s$NJ}K!$H Pseudoparticle metho d FMM !"9b@:EY%D%j!<$N!V<BMQ>e$N7gE@!W � ?t3X$,7k9=$d$d$3$7$$!’<BAu!"%G%P%C%0$,BgJQ!"9bB.2=$bLLE] ( 5eLLD4OB4X?t$N7W;;!’A22=<0$J$N$GB.$/$9$k$N$,Fq$7$$ ) $b$&>/$74JC1$K=q$1$J$$$+!) ! FMM without Multip oles � %"%s%@!<%=%s$NJ}K! (Anderson 1992) � 5?;wN3;RK! (Makino 1998) $=$NA0$K!’ FMM $N?t3X$N35MW

B?=E6KE83+$N;;?t!’ 3 <!85$N>l9g E83+78?t � m l = N X i =1 m i r l i Y � m l ( � i ; � i ) 5eLLD4OB4X?t Y m l = ( � 1) m v u u u u t 2 l + 1 4 � ( l � j m j )! ( l + j m j )! P m l (cos � ) e im� B?=E6KE83+ �( r ; � ; � ) = 1 X l =0 l X m = � l � m l r l +1 Y m l ( � ; � ) : 6I=jE83+ �( r ; � ; � ) = �(0) + 1 X l =0 l X m = � l � m l r l Y m l ( � ; � ) : (1) 7W;;%3!<%I$N<B8=$K$O!" � � k $+$i � k $X$NJQ49 � � k $NE83+Cf?4$N%7%U%H � � k $NE83+Cf?4$N%7%U%H $,I,MW

B?=E6KE83+$N;;?t!’ 3 <!85$NJQ49<0 (F rom Elliot and Board, 1994) 9bB.7W;;$OLLE] | Y m n $,A22=<0$G7W;;$5$l$k$N$GJBNs@-$,Dc$$

%"%s%@!<%=%s$NJ}K! \FMM without m ultip ole expansion" %] %" %= %s $N 8x <0!’ 5e LL $G 6- 3& >r 7o $r M? $(!" Cf !J$^ $? $O 30!K $G $N %i %W %i%9J}Dx<0$N2r$rM?$($k 2 <!85$N>l9g : !J30B&!K � ( r ; � ) = GM log ( r )+ 1 2 � Z 2 � 0 � ( a; s ) 2 6 4 1 � ( a=r ) 2 1 � 2( a=r ) cos( � � s ) + ( a=r ) 2 3 7 5 ds; 3 <!85!J5eLLD4OB4X?tE83+$G$N7A!K ( x ) = 1 4 � Z S 2 4 1 X n =0 (2 n + 1) a r ! n +1 P n ( s � x = j x j ) 3 5 ( a s ) ds; FbB& ( x ) = 1 4 � Z S 2 4 1 X n =0 (2 n + 1) r a ! n P n ( s � x = j x j ) 3 5 ( a s ) ds; >e $N @Q J, $r 1_ <~ !J 2 <! 85 $N >l 9g!K $^ $? $O 5e LL!J 3 <! 85 $N >l 9g!K >e $N E,Ev$JI8K\E@$r$D$+$C$??tCM@QJ,$KCV$-49$($k # D4OB 4X ?t E8 3+ $N A‘ :n $, $9 $Y $F %] %F %s %7%c %k $N CM $N A‘ :n $K CV $- 49 $( $i $l$k A0$N%Z!<%8$ND9$$<0$NBe$o$j$K!">e$N<0 2 K\$GA4It:Q$‘!#

I8K\E@$N$H$j$+$? 2 <!85$N>l9g!’C1$KEy4V3V$G$$$$!# $3$l$GD4OB4X?tE83+!J7k6I%U!<%j%(E83+!K$ND>8r@-$,<B8=$5$l$k 3 <! 85!’ 5e LL D4 OB 4X ?t $N D> 8r @- $r J] $D $h $& $J :G E, G[ CV $r $9 $k I, MW $, $"$k $=$N$h$&$JG[CV!’ \spherical t -design" 5eLL>e$NE@$, spherical t -design $r$J$9 = t <! $^ $G $N G$ 0U $N B? 9‘ <0 $N 5e LL >e $G $N J? 6Q CM $,!" $= $l $i $N E@ $G $N $=$NB?9‘<0$NCM$NJ?6Q$KEy$7$$!# $3$N;~!" t= 2 <!$^$G$N5eLLD4OB4X?t$ND>8r@-$,J]$F$k$3$H$K$J$k!# Nc!’ @5 4 LL BN$N D: E@!’ 1-design , @5 20 LLBN $N D: E@!’ 4-design !# 20-design ( 216 E@!K$H$$$C$?$b$N$b:n$i$l$F$$$k!#

%"%s%@!<%=%s$NJ}K!$N<B:] B?=E6KE83+!J:8!K$H6I=jE83+!J1&!K$N%7%U%H B?=E6KE83+$+$i6I=jE83+$X$NJQ49

%"%s%@!<%=%s$NJ}K!$NMxE@$H7gE@ MxE@ � %W%m%0%i%‘$,Hs>o$K4JC1$K$J$k � <!?tEy$,F1$8$J$iIaDL$N FMM $h$jB.$$ C"$7!"1i;;?t$r?t$($k$HIaDL$N FMM $h$jA}$($F$$$k$O$:$J$N$G!" $J$<B.$/$J$C$F$$$k$N$+!JE,@Z$JI>2A$+$I$&$+!K$O$A$g$C$H5?Ld!# 7gE@ � 8m:9!"<}B+@-$,2x$7$$ ( %Q%i%a!<%?$r$&$^$/$H$i$J$$$H8m:9$,Bg $-$$ )

Pseudoparticle metho d 4pK\E*$J9M$(!’ 5eLLD4OB4X?tE83+!’B??t$NN3;R$,:n$k%]%F%s%7%c%k>l$N6a;w # 5U$K5eLLD4OB4X?tE83+$rI,MW:G>.8B$N?t$NN3;RJ,I[$GI=8=$G$-$J$$ $+ ? $3$&$$$&$3$H$r9M$($kM}M3 � 0UL#$,$o$+$j$d$9$$ � =ENOB?BNLdBj@lMQ7W;;5! (GRAPE) $,M-8z$K;H$($k LdBj !’ $I$&$d$C$FG[CV$r7h$a$k$+!)

N3;RG[CV$N9M$(J} � <+M3EY$N?t$+$i9M$($k N3;R 1 $D$N<+M3EY!’ 4 8D p <!$^$G$N5eLLD4OB4X?t$NA4<+M3EY : ( p + 1) 2 ! Nc$($P 3 8D$NN3;R$G p = 2 $rI=8==PMh$k ??? { Hs@~7A$NO"N)J}Dx<0$r2r$+$J$$$H$$$1$J$$ { M-0UL#$J2r$,$"$k$+$I$&$+NI$/$o$+$i$J$$ � N3;R$N6u4VG[CV$O8GDj$7$F!"<ANL$@$1JQ$($k { !J7gE@!KI,MW$H$9$kN3;R$N?t$,A}$($k { !JMxE@!K@~7A7W;;$GG[CV$r7h$a$k$3$H$,=PMh$k { !JMxE@!K$$$D$G$bG[CV$r5a$a$i$l$k 0J 2< $G $O!" N3 ;R $r CV $/ :B I8 $O $" $i $+ $8 $a 7h $a $F $* $/ $d $j $+ $? $K $D$$$F9M$($k!# N3;R$N$*$-J}!’5e LL>e!J 2 <! 85$J$i1_ <~>e!K$H$9 $k!#%"%s%@!< %= %s$NJ}K!$G$NI8K\E@$N$H$j$+$?$HF1$8!#

N3;RG[CV$N;;?t!’ 2 <!85$N>l9g B?=E6KE83+!’ � ( z ) = M log ( z ) � 1 X k =1 � k k ( a=z ) k ; � k = N X i =1 m i ( z i =a ) k : H>7B a $N1_<~>e$N<ANLJ,I[ � ( � ) $NB?=E6KE83+$O � k = ( r =a ) k Z 2 � 0 e ik � � ( � ) d� ; $H$J$k$N$G!"5UJQ49 � ( � ) = 1 2 � a r ! k 1 X k =0 � k e � ik � : $,N3;R$N$*$-J}$rM?$($k!#M-8B8D$NN3;R$J$i!" � j = 0 ; 2 � = (2 p + 1) ; 4 � = (2 p + 1) ::: $H$7$F!" m j $, m j = 1 2 p + 1 a r ! k p X k =0 � k e � ik � j : $b$H$NN3;RJ,I[$+$i$$$-$J$j5a$a$k$H!" m j = 1 2 p + 1 p X k =0 n X i =1 m i ( z i =z j ) k = 1 2 p + 1 n X i =1 m i 1 � ( z i =z j ) p +1 1 � z i =z j $"$k E@ $N 2s $j $N 5? ;w N3 ;R J, I[ $N %7 %U %H $K $b!" $3 $N <0 $, $= $N $^ $^ ;H $( $k!#

N3;RG[CV$N;;?t!’ 3 <!85$N>l9g B?=E6KE83+!’ � m l = N X i =1 m i r l i Y � m l ( � i ; � i ) H>7B a $N5eLL>e$N<ANLJ,I[$NB?=E6KE83+!’ � m l = a l Z S � ( � ; � ) Y � m l ( � ; � ) dS; 5UJQ49 � = 1 X l =0 a � l l X m = � l � m l Y � � m l K 8D$NE@$G$N<ANL$J$i m j = 1 4 � K p X l =0 l X m = � l � m l Y � � m l 2 <!85$N>l9g$HF1MM$KN3;RJ,I[$+$iD>@\5a$a$k$H!" m j = 2 l + 1 K N X i =1 m i p X l =0 ( r i =r ) l P l (cos ) $3$3$G $ON3;R$N 0LCV$H5? ;wN3;R$N 0LCV$N4V $N3QEY!#$^$?!" 5eLLD4 OB4X?t$N2CK!DjM} P l (cos ) = 4 � 2 l + 1 l X m = � l Y m l ( � ; � ) Y � m l ( � 0 ; � 0 ) $r;H$C$?!#

%D%j!<%3!<%I$X$N1~MQ Barnes-Hut %D %j!< %3!< %I $N %W %m %0 %i %‘ $K 5? ;w N3 ;R K! $r AH $_ 9~ $s $@!# 7W;;@:EY!"7W;;NL$NNc

@lMQ7W;;5!$H$NAH9g$o$; GRAPE: N3;R4V$N=ENOAj8_:nMQ$@$1$r9bB.$K7W;;$9$k@lMQ7W;;5! %[%9%H$,%a%b%j$KN3;R%G!<%?$r=q$/ # %[%9%H$,%Q%$%W%i%$%s%W%m%;%C%5$N%l%8%9%?$KN3;R%G!<%?$r=q$/ # %Q%$%W%i%$%s%W%m%;%C%5$,%a%b%jFb$NN3;R$+$i%W%m%;%C%5$,;}$DN3 ;R$X$N=ENO$r7W;; DL>o$N %D%j!<!" FMM: N3 ;R 4VAj 8_:n MQ !J%b%N %]!<%k!K $N 7W;; $K$7 $+;H$($J$$ 5?;wN3;RK!!’ %;%k$+$i$N=ENO$N7W;;$K$b;H$($k

5?;wN3;RK!$N7W;;B.EY GRAPE $J $7!’ DEC Alpha EV5 300 MHz !JL> L\%T!< %/@- G= 600 M ops !K GRAPE !’ GRAPE-4 !JL>L\%T!<%/@-G= 15 G ops !K N3;R?t!’ 262144 GRAPE $r;H$&$3$H$G!" 10-100 G\$N9bB.2=$,2DG=!#

B?BNLdBj0J30$X$N1~MQ FMM, %D%j!<$N4pK\E*$J9M$(!’B??t$NMWAG4V$N1s3VAj8_:nMQ$r!" !V1s$/$N$b$N$O$^$H$a$k!W$H$$$&6a;w$r;H$&$3$H$G7W;;NL$r8:$i$9 # 1s$/$NMWAG$r$r$^$H$a$i$l$k$b$N$G$"$l$P2?$K$G$b;H$($k � =ENO!&%/!<%m%sNO0J30$N$[$H$s$I$9$Y$F$N 2 N3;R4VAj8_:nMQ � 6-3&MWAGK! � %i%8%*%7%F%#K! � $=$NB>!"!"!"

$^$H$a � %D%j!<K!$H FMM $N86M}$H!":G6a$N8&5f$N?JE8$K$D$$$F35@b$7 $?!# � %D %j!< K! $O!" FC $K 9b @: EY $r MW 5a $7 $J $$ J, Ln $G $O 9- $/ ;H $o $l $F $* $j!"JBNs2=Ey$N<BMQE*$J8&5f$,?J$s$G$$$k!# � FMM $O!"M} O@E* $J%9 %1!<%j %s%0 $O%D %j!<K! $h$j $b$h $$$,!" <B :]$NHf3S$G$OBg$-$J:9$O$G$F$$$J$$!# � FMM $K $D$$ $F$O!" 7W;; NL$N %9%1!< %j%s%0 $r8: $i$9 J}K! $,$$ $m $$$mDs0F$5$l$F$$$k!J7hDjHG$O$J$$!K!# � %" %s %@!< %= %s $N J} K! $d 5? ;w N3 ;R K! $G $O!" 7W ;; NL $O 8: $i $J $$ $, <B Au$rCx$7$/4JC12=$G$-$k!# � FMM, %D %j!< K! $N 4p K\ E* $J 9M $( J} $O!" MM!9 $J Ld Bj $K 1~ MQ $G $- $k!#